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Abstract. We apply the Transfer Algorithm introduced in [7^ to transfer an 
Aoo-algebra structure that cannot be computed using the classical Basic Per- 
turbation Lemma. We construct a space X whose topology induces a nontrivial 
2-in/2-out operation ui^ on loop cohomology H* {Q,X;1^2)- 



1. Introduction 

In [B] and [Z], S. Saneblidze and this author defined the notions of a matrad and a 
relative matrad, and constructed the related families of polytopes known as biasso- 
ciahedra KK — {KKn.m = KK„i,n} and bimultiplihedra J J = {JJn,m = JJm.ii} 
of which KK is the associahedron A'„ and JJi.„ is the multiplihedron J„. Cells 
of KK and J J are identified with certain fraction product monomials, for example. 




■H- a vertex of KK2,3- 



YYY 

In fact, JJm.n is a subdivision of KKm,n x I with dJJm.n containing the cells 
KKn.m X and KK^.m x 1. 

Let i? be a commutative ring with unity. The free matrad T-Loo is represented 
by the DG i?-module (DGM) of cellular chains C* {KK) by associating the top 
dimensional cell of KKn.m with the matrad generator 9"^ G Hoc : 

n outputs 

O 0" . 




TO inputs 



An Aoa-bialgebra is a DGM (A, d) together with a family of multilinear operations 
uj = {lo^ € ffoTO'"+"-3(yl®'",A®") I mn ^ 1} and a map of matrads 
SndrA such that O'^^ M- wj^, i.e., {A,uj) is an algebra over Hoc- Note that we 
recover the operadic structure of Aoo-(co)algebras by setting m = 1 or n = 1. 
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Similarly, the free relative matrad J J oa is represented by the DGM of cellular 
chains C* ( JJ) by associating the top dimensional cell of JJm,n with the relative 
matrad generator fj^ G JJoo ■ 



n outputs 




m inputs 



Let {A,uja) and {B^ljb) be ^oo-bialgebras. A morphism G from A to B, denoted 
by G : A ^ B, is a family of muhilinear maps G = {gj^ € H om'''+''~^ {A'^'^ , B®")} 
together with a map of relative matrads JJoo ~> Horn (TA, TB) such that fj^ i— >■ 
q" , i.e., G is an ■Hoo-bimodule. The elements 6*;^ (f}) and (f}) C of JJoo 
are associated with the codimension 1 cells KKn,m x and KKn,m x 1 of J Jm,m 
respectively, 




9™ (fl) 




^ (gin 



nn 



and the aforementioned map of relative matrads sends (fj) 



(gin 



Again, we recover the structure of an Ao 



H- and 
-(co)algebra mor- 



phism by setting m = lorn = l. A morphism $ = {<t'm}m.n>i : A ^ i? is an 
isomorphism if (f>\ is an isomorphism of underlying modules. 

The paper is organized as follows: In section 2 we review the Transfer Algorithm 
introduced in [7] and apply it to transfer an Aoo-algebra structure that cannot be 
computed using the classical Basic Perturbation Lemma. In Section 3 we construct 
a space X whose topology induces a nontrivial 2-in/2-out operation on loop 
cohomology H* {nX; Z2). 



2. Transfer of ^oo-Structure 

If A is a free DGM, B is an Aoo-algebra, and g : A — > i? is a homology iso- 
morphism with a right-homotopy inverse, the Basic Perturbation Lemma (BPL) 
transfers the Aoo-algebra structure from B to A (see [3], [5], for example). When 
B is an ^00-bialgebra, Theorem [T] generalizes the BPL in two directions: 

(1) The Aoo-bialgebra structure on B transfers to an v4oo-bialgebra structure 
on A. 

(2) The transfer algorithm requires neither freeness in A nor the existence of a 
right-homotopy inverse of g. 

Given DGMs {A,dA) and (B^ds) , let V be the induced differential on Ua,b = 
Ham (TA.TB), i.e., for / e Ua,b define V/ = di3/-(-l)'^' fd-A, where and ds 
denote the free linear extensions of dA and ds- A chain map g : A ^ B induces a 
cochain map g : SndrA — >■ Ua,b defined on u G Horn (A®™, A®") by g (u) = g®"u. 
If (7 is a homology isomorphism, so is g provided condition (i) or (ii) in the following 
proposition is satisfied (the proof is left to the reader): 
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Proposition 1. Let {A,dA) and {B^ds) he DGMs, and let g : A ^ B be a chain 
map that is also a homology isomorphism. Then g : SndrA Ua,b is a homology 
isomorphism if either of the following conditions holds: 

(i) A is free as an R-module. 

(li) For each n > 1, there is a DGM X (n) and a splitting B®"^ = A®"^ © X{n) 
as a chain complex such that H*Hom (n)) = for all k>l. 

Thus there is the foUowing generahzation of the BPL: 

Theorem 1 (The Transfer). Let {A,dA) he a DGM, let {B,dB,ujB) be an Aoo- 
bialgebra, and let g : A ^ B he a chain map and a homology isomorphism. If 
g : SndxA — ^ Ua,b 'is a homology isomorphism, then 

(i) (Existence) g induces an Aoc-bialgebra structure loa — {w^'™} on A and 

extends to a map G = {g^ \ g\ = g} : A^ B of A^-hialgehras. 
(ii) (Uniqueness) {uatG) is unique up to isomorphism, i.e., if {uja,G) and 
(oja, G) are induced by chain homotopic maps g and g, there is an isomor- 
phism $ : (A, uja) ^ {A, loa) and a chain homotopy T ; G ~ G o $. 

The proof of Theorem [U which appears in \J]. , suggests the fohowing general 
Transfer Algorithm: 



The Transfer Algorithm 

Initial data 

• A DGM {A,dA) 

• An Aoo-bialgebra {B,dB,i-^B) and a map of matrads as '■ C^:{KK) 
SndxB sending 6"^ uj'g"^ 

• A chain map/homology isomorphism g : A B such that g is a homology 
isomorphism 



Objectives 





Define operations o;^'™ : A®"^ — ^ A®'^ for all m, n, mn ^ 1 



» Construct a map of matrads a a '■ G, (KK) EndxA sending 9!^^ H> uj^"^ 
• Construct a map of j4oo-bialgebras G = {g^ \ 9i — 9} : A^ B 

Initialization 

1. Define (3 : Co ( JJ14) ^ Horn {A, B) by = | ^ g 

2. Define /3 on the vertex ^ of JJi,2 by 9^ {f\ ® f}) uj'^/ {g ® g) 

3. Define /3 on the vertex ^ of JJ2.1 by 9lfl t-^ uj'g^g 

4. Consider the V-cocycle ujg^ [g (g) g) 

• Choose a cocycle cj^' £ SndxA such that g*[u!A ] = i'^B ® 9)] 

• Define ua : Go (^^^^1,2) Horn {A®^, A) hy 9l ^ ^ uj^ 

• Define ua : Go {dKKi^s) Horn {A®^,A) by 



cj^'^ l^w^'^ (g) 1^ and uj^J^ {\. ® w^'^ 

• Extend /3 to the vertex Ji^ C J J\,i via ]\9\ !—> 51^^'^ 
5. Dually, consider the V-cocycle 9 

• Choose a cocycle w^' S SndxA such that [uj^ ] = [cug g] 
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Define a a ■ Co {KK2,i) ^ Horn {A, A'^^) hy ^ 
Define ua : Cq {dKKs^i) Horn {A, A®^) by 



2,1 
A 



Y ^ (uj^ ® l) and (l 



2.1\ 2,1 



• Extend /3 to the vertex ^ C JJi,2 via (f} ^ fl) Oj {g ® g) u?/ 
6. Define ua ■ Co {dKK2a) -J> -ffom (A®^^ ^®2j 




1,2 ^ 1,2 
■'A 



2.1 ^ 2,1 



and »H> uj^J^u}]^ , where 



(jp^q : [A^'P)'^'^ ^ {^j\®q'^®p is tiie canonical permutation of tensor factors 



7. Note that 



'^B^ (5 g) - gi^A 



1,2 







• Choose a cochain 32 such that V g\ — ui^^ {9® 9) ~ 9'^^a 

• Define /3 : Ci (JJi,2) ^ i?om (A®^ S) hy fl = X ^52 

• Define /3 on a monomial in C* (9JJi,3 \ intifi^i^a x 1) to be the cor- 
responding composition: 

















A 















Dually, note that j^'i'^'^.g — (.9 ® .g) 







• Choose a cochain e J7yi,B such that Vg^ = uj'^^g — (ff ® 9)^a^ 

• Define /3 : Ci ( JJ2,i) ^ iJom (A, B®^) by j:2 ^ y ^^ gf 

• Define /3 on a monomial in C* {dJJ^^i \ intifiira^i x 1) to be the cor- 
responding composition: 



V 
V 

Y 



7 

Y Y 



9. Define /3 on a monomial in C* {dJJ2,2 \ v[AKK2,2 x 1) to be the corre- 
sponding fraction product: 
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AA 




YY ' 


AA 


AJl 1 


YY 


YY ' 




AA 


YY 


vv 


AA 


AA , 


YV 


YV 


AA 


YY 


AA . 




YY 





X 
X 
X 



Induction hypothesis 

Given to + n > 4, assume that for i + j < m + n, ij ^ 1, there exists a map 

• ttA : C, (KKj^,) Horn A®^) of matrads sending ej cj^' 

• /3 : C, {JJj,i) Horn B®-') of relative matrads sending 

Induction objectives 

• Define aA on the generator 9^ G Cm+n-3 [KKn^m) 

• Define /3 on the monomial (fj) " 0^ G C'm+n-3 { JJn,m) 

• Define /3 on the generator f", G Cto+„_2 {JJn.m) 

Induction 

For each i+j = m + n, ij^l 

1. Define a a on each monomial in C, [dKKn.m) to be its corresponding frac- 



tion product of operations in {a;;J{*}; let 

UA {Cm+n-4{dKK„ 

Define /3 on each monomial in C* (9 J J„ 



X f) to be its cor- 



responding fraction product of operations and maps in {lu-'^^ , gj ,Lu-'g}; let 

<y5 = /3 (Cm+„_3 (dJJn^m \ intKKn^rn X 1)) 

Then g (z) = V(p implies [z] — 0; choose a cochain b such that V6 = 2; 
Note that V {g (b) — (p) — \7g (6) ~ g (z) — g ( Vfe — z) = 0; choose a cocycle 

u e [g{b) - ip] 

- u! . := b — u 



On 



5?)rf n.m 



i) — ip] ~ [g (&) — 1^] — [g (m)] = 0; choose 



5. Define aAid"^ 

6. Define /3 ((fl) 

7. Note that (w^'™) — (ys] 
a cochain g'^ such that 

8. Define /3(f;jJ= 5" 
This completes the induction. 

Let us apply the Transfer Algorithm to compute an induced Aoo-algebra struc- 
ture on the cohomology of a DGA, which cannot be computed using the classical 
BPL. The DGA B considered here has no Hodge decomposition, its homology 



9 ^A 
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H = H* {B) is not free, and the given homology isomorphism g : H B has no 
right-homotopy inverse. 

Consider the tensor algebra T°-M of the Z-cochain complex 

{M,d) : Z Z2®Z2 Z4 Z2 -i> 

1 {ci,b) c ^ X 

b !-)■ 2c 

and form the quotient B = T'^M j (a^ + a;, a;c + ex, (ac + ca)^, c? , tb, bt) , |i| > 0. 
Although the DGA B is not commutative, we do have a {ac + ca) = {ac + ca) a and 
{ac f = {ca f . Note that B has no Hodge decomposition since c is not a cocycle, 
2c is a coboundary, and Z4 does not split as Z2 ® Z2. Furthermore, 

{Z n = 0, 
Z2 n = 2,5,7 
otherwise 

and H = H* (B) is not free. Define g : H ^ B hy g {1) = 1 and 

u = [a] !->• a 

V = [ac + ca] n- ac + ca 

w = [a {ac + ca)] M- a {ac + ca) . 

Then g has no right-homotopy inverse / since gf (6) = Xa implies b — Xa = 
(1 - gf) {b) = {sd + ds) {b) = sd (6) = s (2c) = 2s (c) = 0, which is a contradic- 
tion. To compute the induced multiplication /ijj, consider the following bases for 
H and H(g,H: 





2 


4 


') 


7 


9 


10 


12 


14 


H 


u 




V 


w 










H®H 




u\u 




u\v, v\u 


u\w, w\u 


v\v 


v\w, w\v 


w\w 



Ignoring the unit 1 and evaluating g on the basis {w9„|^, wdy^u} for HomP (i?®^, H) 
we have 

5(w (5„|„ =g{w) {du\v + du\v) = fJ'{g<S'g)■ 
Now thinking of w (9„|„ + as a class in H* {Horn* {H^^, H)) we have 

9* [w {du\v + d^iu)] = [g {w) + = [/X (5 <8) g)] . 

Define fin = {g*)~^ [m (.9 ® .9)] = ^ ((?M|t) + 9y\u) ; then lii; = vu = w and /i// is 
associative. To extend g to an A (2)-map, let /k denote the multiplication in B and 
consider the expression 

z = iJ.{g<S:g)- gnH = a^9„|„ + {a^c + ca^) + 

= dcdu\u + d (cac) {du\w + dw\u) ■ 

Then V (c(9„|„ + cac {d^\^ + = 2; and we define 52 = ca„|„+cac {d^\^ + 

so that 

V52 = i^{g<S)g) - gnH- 
Thus fif is homotopy multiplicative. To compute the induced associator consider 
the following bases for H and H^^ : 





2 


5 


6 


7 




H 


u 


V 








H :;: II : . // 






ii\u tl 
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Since B has trivial higher order structure, we consider the cochain 

(fi ^ n{g2<E) g - g <E) g2) + 92 {fJ-H (X) 1 - 1 ® ^h) , 

which vanishes on H'^'^ except ip {u\u\u) — ac+ ca = g (v) ; thus ip — g{v) du\u\u- 
Since z = fiH {i^H ® 1 — 1 ^J.H) = 0, every cocycle b G Hom~^ {H®^,H^ satisfies 
V6 = z. Since vdu\u\u is the only candidate, we set b = vdu\u\u] then 

[g (5) ~ip\^[g {v) du\u\u " = M • 

Choose u = G g^^ [g {^) ~ v\ ^-nd define — vdu\u\u] then = v. 

Finally, since if — gfx^^ = 0; we may set 5„ = and = for all n > 4 to 
obtain an induced Aoo-algebra structure (^H, fin , fJ-^) and a map G — g + g2 of 
^oo-algebras. 



3. A Topological Example 

Let k be a field. Given a space X, let 5", (ilX; k) denote the singular chains on 
the space of (base pointed) Moore loops on X, and choose a homology isomorphism 
g : {nX; k) ^ (nX; k) . Since H = (nX; k) is free and 5 = 5*, {nX; k) is 
a Hopf algebra, the induced map g : ShcIth Uh,s is a homology isomorphism 
by Proposition 1, and the Transfer Algorithm induces an Aoo-bialgebra structure 
on H. Let us apply this fact to a particular space X and identify a non-trivial 
operation aj| : H ® H ^ H ® H. 

Given a 1 -connected DGA {A,dA) over Z2, the bar construction of A, denoted 
by BA, is the cofree DGC (4, A) with differential d and coproduct A defined as 
follows: Let [xi | • • • denote the element 4, xi ® • • • J, x„ G BA: then 



d [cCil • • • \Xn] = ^ [Sll • • • IdXil • • • \Xn\ + ^ 



Xll • • • \XiXi+l\ 



A [xil • • • \xn] = [ ] [xil • ■ • |a;„] + [a;i| • • • |a;„] ® [ ] + ^ [2:^1 1 • • • |a;i] «) [xi\ ■ ■ ■ |x„] . 

Consider the space Y — (5*2 x S*"^) V Y,CP^, multiplicative generators di G 
H''{S';Z2), b G (ECP^jZs) and fi-g^fo e i/^ (SCP^; Z2) , a map / : F ^ 
/f(Z2,5) such that /*(i5) = 0203 + Sq^b, and the puUback p : X ^ Y of the 
following path fibration: 

pi i 

Y _ K{Z2,5). 
0203 + Sq^b L5 

Let Ui = p*{di) and b = p*(b); then A = H*{X; Z2) = {l, 02, 03, 6, 0203 = Sq^b, . . .} . 

Form the bar construction BA; since H ^ H* (BA) w Z2) as coalge- 

bras, {BA, d, A) is a DC coalgebra model for cochains on flX. In [1 , H.-J. Banes 
identified a compatible multiplication /i : BA ® BA BA and a DG Hopf algebra 
model {BA, d. A, /x) in the following way: The twisting in X induces Steenrod's 
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^i: A()Si A — > A, which acts non-trivially via 6 6 = 0203 and the induced map 
<j) : BA (g) BA — > A acts non-trivially via 

(j) {[x] (g) []) = (/)([] ® [a;]) = X and (/)([&] ® [b]) ^ b b ^ 0203. 

(cf. [5], U). Consider the tensor product of coalgebras BA (E> BA with coproduct 
"0 = ^2,2 (A eg) A) and define 

k+l factors 

where 1/)^°^ = 1, -0^'^) = (^5(8) 1®*=-!) • • • (^/i (g) l) i/i for fc > 0, and Tp is the reduced 
coproduct. Then for example, /i ([6] g) [6]) = [0203] . 

Let be the multiplication on H induced by /i and consider the classes 
ai = els [tti] , /3 = els [fo] e Choose a cocycle-selecting map g : H ^ BA such 
that 5 (els • • • |a;„]) = [a;i| • • • |x„] . Then fi{[b]^[b]) = [0203] = d [02103] im- 
plies (/3 g) /3) = and {g^H + ^J■{g ^ g)) (/? ^ /3) = [0203] . Nevertheless, by the 
Transfer Theorem, there is a cochain homotopy gl : H ® H ^ BA satisfying the 
relation Vg\ = gun +^J'{g ® 9) such that g\ [jS ® (3) = [ai\a^-i\ for some i G {2, 3} ; 
and in particular, we may choose 

gl{P®P) = [02103] 

since either choice gives rise to isomorphic structures. Let A// be the coproduct 
induced by A; then {Ag + {g ® g) A//} = since (3 is primitive. By the Transfer 
Theorem, there is a cochain homotopy gf : H ^ BA g) BA satisfying the relation 
\/gf = Ag + {g g) Ah such that \/gf {(3) = 0. Thus gf = A g) [02] + [02] g) p 
for some A,/? G Z2; and in particular, we may choose 

gl (/?) = 0. 

Again by the Transfer Theorem, there is a cochain homotopy g2 ■ H®H — > BA®BA 
satisfying the following relation on JJ2,2 : 

(3.1) Vgl = {^l®^x) (72,2 {Ag ®gl + gl®{g®g) Ah) 

+ (a* (5 ® 5) ® ff2 + 52 ® 9^^H) 0-2,2 {Ah ® Ah) 

+ ^'ba {9® 9) + {9® 9) ^H^ + A.92 + 

The component uj^\ {g g) g) vanishes since BA has trivial higher order structure; 
the non-triviality of {g g) g) lu'^^ is to be determined. 

Let us evaluate relation p.ip at (3 ® (3. First, g\p.H {P ® (3) — by the ob- 
servation above, and (/z g) jj) (12,2 {Ag ® gf + gf ® {g ® g) Ah) {(3 ® (3) = by our 
choice of g\. Second, {n {g® g)® g\+ gl® gp-n) (^2,2 {Ah ® Ah) (/? <8> /?) = [] (X) 
gl{l3®l3)+gl{l3®l3)®[] = (A + A) g^ {P ® (3) . Thus relation reduces to 
Vgl{fi®P) = {g®g)uj^H^ (/3g)/3) + Agi ® l3) = (5 ® 5) c^^" (/3 ® /3) + [02] [03] , 
and we conclude that 

uJh^ {I3 ® 13) = a2®a3. 
Thus the topology of the total space X in the fibration p : X ^ {S'^ x S^) V 
TtCP^ above induces a nontrivial 2-in/2-out operation on H = H* (flX; Z2) . 
A variation of this example, with a nontrivial topologically induced 2-in/n-out 
operation on loop cohomology for each n > 2, appears in [7]. 
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